ABSTRACT. Hepworth, Willerton, Leinster and Shulman introduced the magnitude homology groups for enriched categories, in particular, for metric spaces. The purpose of this paper is to describe the magnitude homology group of a metric space in terms of order complexes of posets.
INTRODUCTION
The magnitude for an enriched category was introduced by Leinster [5, 6] as a generalization of the Euler characteristic of the nerve of a category. The same notion for finite metric spaces was also studied in theoretical ecology as a measure of biological diversity [12] .
The magnitude homology groups, a "categorification" of magnitudes, for finite graphs were defined by Hepworth and Willerton [2] and for general setting by Leinster and Shulman [8] recently. The magnitude homology groups for a finite metric space recover its magnitude as a divergent alternating sum which coincide with the divergent series studied in [1] .
The magnitude homology group H Σ,ℓ n (X) of a metric space X is an abelian group bigraded by a non-negative integer (degree) n and a nonnegative real number (grading) ℓ. Leinster and Shulman proved that magnitude homology groups detect several geometric properties of the space X. [8, §8] .
The purpose of this paper is to develop methods of computing magnitude homology groups of metric spaces (under certain assumptions on X and ℓ). We reduce the magnitude chain complex to the order complexes of interval posets. Our reduction proceeds in the following three steps.
1. The magnitude chain complex is decomposed into a direct sum of framed magnitude chain complexes. ( §3) 2. The framed magnitude chain complex is decomposed into tensor product of those of intervals. ( §4.2) 3. The framed magnitude chain complex of an interval is isomorphic (up to degree shift) to the order complex of the interval poset. ( §4.3) Then we give several applications based on the above description.
First, in §5.1, for a geodetic metric space, we show that the magnitude homology H Σ,ℓ n (X) is freely generated by certain frames (thin frames, see Definition 5.1), which generalizes several results by Leinster and Shulman [8, Corollary 7.6, Theorem 7.25]. As a result, convex subsets and open subsets X of the Euclidean space R N (more generally, Menger convex geodetic metric space with no 4-cuts) has H Σ,ℓ n (X) = 0 for any n > 0 and ℓ > 0.
Second, in §5.2, we show that the quantity
carries certain geometric information about X. For example, if X = R N U is the complement of an open convex subset U ⊂ R N , then the above quantity is exactly equal to the diameter of U (Theorem 5.7).
Third, in §5.3, we show that the homology groups of the order complex of a ranked poset P (of rank r ≥ 0) is embedded into the magnitude homology group of the Hasse diagram of P = P ⊔ { 0, 1} with grading ℓ = r + 2. In particular, if P is the face poset of a triangulation of RP After the completion of the present paper, we learned that Benoît Jubin has independently obtained similar descriptions for the magnitude homology groups [3] .
DEFINITION OF THE MAGNITUDE HOMOLOGY
2.1. Notions on metric spaces. Let (X, d) be a metric space. We begin by fixing some terminology which are necessary to define the notion of magnitude homology ( [8] ). We say that the point y ∈ X is between x and z ∈ X if d(x, y) + d(y, z) = d(x, z), which is denoted by x y z. Moreover, if x = y = z, we denote x ≺ y ≺ z.
The metric space (X, d) is said to be Menger convex if for any x = z there exists a point y ∈ X with x ≺ y ≺ z.
We say that a tuple x = (x 0 , x 1 , . . . , x n ) ∈ X n+1 is a proper chain if x i−1 = x i for all i = 1, . . . , n. We call n the degree of x and define its length by
We denote by P n (X) (respectively P ℓ n (X)) the set of all proper chains of degree n (respectively, with length ℓ).
The following will be used frequently. Since it is straightforward, we omit the proof.
for any 0 ≤ i < j ≤ n. Furthermore, for any subsequence i 0 < i 1 < · · · < i m of {0, 1, 2, . . . , n}, we have
We denote by m X ≥ 0 the infimum of lengths of 4-cuts, namely,
In case X does not have 4-cuts, we suppose m X = +∞.
Example 2.3. 
1 be the circle of radius r with the geodesic metric. Then m X = πr (which is the distance between antipodal points).
Lemma 2.4. Let n > 1 and x = (x 0 , x 1 , . . . , x n ) ∈ P n (X). Suppose that
Proof. We can prove by induction on n. The case n = 2 is trivial. If n = 3, (2.3) holds because there does not exist 4-cut with length less than m X . Let n > 3. By inductive assumption, we have
Definition 2.5. Let X be a metric space and a, b ∈ X. Denote the set of points between a and b by
The set I X (a, b) carries a natural poset structure defined by x ≤ y ⇐⇒ a ≺ x y for x, y ∈ I X (a, b). (Note that the above definition is equivalent to x y ≺ b.) We call I X (a, b) the interval poset between a and b.
As [8, Definition 7 .20], X is said to be geodetic if I X (a, b) is totally ordered (or empty) for any a, b ∈ X. 
The boundary map ∂ n is defined by
where x i indicates that x i has been omitted. It is also denoted by x {x i }.
Remark 2.7. From the definition, it is easily seen that H
n (X) = 0 (for n > 0). In the sequel, we are mainly interested in H Σ,ℓ n (X) for n ∈ Z >0 and ℓ ∈ R >0 .
FRAMED MAGNITUDE HOMOLOGY
3.1. Frames. Definition 3.1. Let x = (x 0 , x 1 , · · · , x n ) ∈ P n (X). We say that the i-th point x i is a smooth point of x if 1 ≤ i ≤ n − 1 and
The following is straightforward.
(1) Let i ∈ {1, . . . , n − 1}. Then the following are equivalent.
-The i-th point x i is a smooth point of x.
. . , n}. Then the following are equivalent.
-The i-th point x i is a singular point of x.
are the list of all singular points of x. (Note that i 1 = 0 and i m = n.) Define ϕ(x) by the chain consisting of singular points of x, namely,
We call ϕ(x) the frame of x.
. Singular points (black) and smooth points (white) 3.2. Geodesically simple chains.
We say that x is a geodesically simple chain if
In other words, x is geodesically simple if and
The following is straightforward (using Lemma 2.4).
Proposition 3.5. A proper chain x ∈ P n (X) is geodesically simple if either
is geodesically simple if and only if it is not a 4-cut.
We shall see that the set of all geodesically simple chains form a subcomplex of B ℓ • (X) and that the boundary operator preserves the frames. Proposition 3.6. Let x = (x 0 , . . . x n ) ∈ P n (X) be a geodesically simple chain and J = {x j 1 , . . . , x jp } be an arbitrary set of smooth points of x. Let
Proof. Let {x i 1 , . . . , x im } be the set of all singular points as above. Then we have
By the assumption that x is a geodesically simple chain, the right hand side is equal to |x|. Thus we have |x| = |x ′ |.
Proposition 3.7. Let x = (x 0 , . . . x n ) ∈ P n (X) be a geodesically simple chain and x j be a smooth point of x. Then x ′ := x {x j } is a geodesically simple chain with ϕ(x ′ ) = ϕ(x).
Proof. Let x k be a smooth point of x such that k = j. Proposition 3.6 implies that x k is a smooth point of x ′ . Let x iα be a singular point of x. Then |x {x iα , x j }| ≤ |x {x iα }| < |x| = |x {x j }|.
Hence x iα is a singular point of x ′ . Thus we have ϕ(
Remark 3.8. If there exists a 4-cut, the boundary operator does not preserve the frame in general.
Definition 3.9. Define B simp,ℓ n (X) to be the submodule of B ℓ n (X) generated by geodesically simple chains.
Clearly we have B F n (X) ⊂ B simp,|F | n (X), and moreover,
where P ≤n (X) = P 1 (X)⊔P 2 (X)⊔· · ·⊔P n (X). Proposition 3.6 and Proposition 3.7 show that B simp,ℓ • (X) and B F
• (X) form chain complexes. Thus we can define the magnitude homology with geodesically simple chains by
and the framed magnitude homology with frame F by
We have the following decomposition of magnitude homology in terms of framed magnitude homology groups. Theorem 3.12. Let X be a metric space, n > 0 and ℓ > 0. Then,
Proof. (1) is clear from the direct sum decomposition of the chain complex (3.1). It follows from Proposition 3.5 that B ℓ n (X) = B simp,ℓ n (X) if either n ≤ 2 or ℓ < m X . These induce (2) and (3). 
INTERVAL DECOMPOSITIONS OF FRAMED MAGNITUDE HOMOLOGY
4.1. The order complex of a poset. We first recall the notion of the order complex of a poset (see [10] for further details). Let P be a poset. Recall that the order complex ∆(P ) of P is a simplicial complex defined by
Let C • (∆(P )) be the reduced chain complex of the order complex. More precisely, define the module C n (∆(P )) by
and the boundary map ∂ n :
We denote the n-th homology H n (C • (∆(P ))) by H n (P ).
Remark 4.1. We may suppose C −1 (∆(P )) is a rank one free abelian group Z · ∅ generated by the symbol ∅ . The (−1)-st homology is
We will see that the 1-st magnitude homology H Σ,ℓ 1 (X) is generated by (−1)-st homology groups of interval posets.
The following will be frequently used. Proposition 4.2. Let P be a (non-empty) totally ordered poset. Then H n (P ) = 0 for all n ∈ Z.
Proof. If P is totally ordered, then ∆(P ) is a simplex. Therefore, all reduced homology groups vanish.
4.2.
and the boundary map is defined by i 1 +···+im=n ∂ i 1 ,··· ,im , where
is defined by
We also have the following associativity.
Theorem 4.3. ([11], Theorem 3.6.3 (Künneth formula for complexes)) If C i
• is a chain complex of free Z-modules, then
Proof. By the associativity,
By Künneth formula,
4.3. The interval decomposition. Let F = (a, b) and |F | = ℓ. Suppose x = (x 0 , · · · , x n ) ∈ P n (X) is a geodesically simple chain. Then ϕ(x) = F if and only if x 0 = a, x n = b and |x| = ℓ. It is also equivalent that x 0 = a, x n = b and x 1 , . . . , x n−1 ∈ I X (a, b) form a chain x 1 < x 2 < · · · < x n−1 (of length n−2) in the interval poset I X (a, b). By comparing the definitions of boundary maps for magnitude chain complex (Definition 2.6) and that of order complex, the map
gives an isomorphism (up to sign of the boundary operators)
of chain complexes. In what follows, we abbreviate C • (∆(I X (a, b))) as C • (I(a, b) ). More generally, we have the following.
as chain complexes (up to sign of boundary operators).
Proof. The homomorphism φ n : (I(a m−1 , a m ) )) n−2m is defined as follows (see Figure 3 ):
(−1)
The equation shows that (−1) n φ n is a chain map. By the isomorphism of φ n as Z-modules, it follows that (−1) n φ n is isomorphism as chain complexes. Therefore,
as chain complexes.
Corollary 4.5. Let F = (a 0 , a 1 , . . . , a m ). Then
Corollary 4.6. Let F = (a 0 , a 1 , . . . , a m ) and ℓ = |F |. Assume that there exists an i ∈ {1, . . . , m} such that I X (a i−1 , a i ) is non-empty and totally ordered. Then H F n (X) = 0 for any n ∈ Z. Proof. Since C • (I X (a i−1 , a i ) ) is Z-free, acyclic, bounded below chain complex, by Künneth formula, H F n (X) = 0 for any n ∈ Z.
COMPUTATIONS OF MAGNITUDE HOMOLOGY GROUPS
We exhibit several computations of magnitude homology groups.
5.1. Geodetic metric spaces. Let X be a geodetic metric space. The magnitude homology of X with grading 0 < ℓ < m X can be precisely described by using the following.
Definition 5.1. Let F = (a 0 , a 1 , . . . , a m ) ∈ P m (X). F is a thin frame if ϕ(F ) = F and I X (a i−1 , a i ) = ∅ for any i = 1, . . . , m.
The next result is a generalization of [8, Theorem 7 .25].
Theorem 5.2. Let X be a geodetic space, and 0 < ℓ < m X . Then
Proof. First apply Theorem 3.12 (3), and obtain a direct sum decomposition into H F n (X). If F is not a thin frame, by Corollary 4.6, H F n (X) = 0. Hence we may assume F is a thin frame. Let F = (a 0 , . . . , a m ) . By Corollary 4.5,
Since F is a thin frame, I X (a i−1 , a i ) = ∅ for all i = 1, . . . , m. Thus we have
Therefore, H 
If there is not a pair a = b such that I X (a, b) = ∅, we set h X = 0. 
it is sufficient to show that there does not exist a thin frame of length ℓ. Let
Hence by Corollary 4.6, H F k (X) = 0 and we have
Then F is a thin frame of length ℓ ′ , and we have H
The sufficiency is obvious from the proof of (1). For the rest, suppose there do not exist a, b ∈ X such that d(a, b) = h X with I(a, b) = ∅. We may assume k > 1. We shall prove that there do not exist a thin frame of length ν k (X). Let F = (a 0 , . . . , a k ) be a frame with
By the assumption there exists an
, a i ) < h X for all i, and |F | turns out to be strictly less than ν k (X)). Since I X (a i−1 , a i ) = ∅, F can not be a thin frame. Hence ν k (X) = 2kr, and we have
5.3.
Embedding of ranked poset homology. In §4.3, we have seen the relation between order complex of posets and magnitude homology. In this subsection, we see that order homology of a ranked poset can be embedded into the magnitude homology group of certain metric spaces. In particular, the homology group (with Z coefficients) of a compact C ∞ manifold can be realized as a submodule of a magnitude homology of a finite metric space.
Lemma 5.10. Let x = (x 0 , . . . , x n ) with n ≥ 2 and F = (a 0 , a 1 ). Assume |x| = |F | = ℓ. Then the following are equivalent.
(i) x 0 = a 0 and x n = a 1 .
(
, then by Lemma 5.10, x {x i } / ∈ P F n−1 (X) for any 1 ≤ i ≤ n − 1. Hence the decomposition induces a direct sum decomposition of chain complex
From this decomposition, it follows the injectivity of the embedding.
Recall ([9, §3.1]) that a poset P is said to be a ranked poset if every maximal chain of P has the same (finite) length. Denote by P the poset obtained from P by adjoining a 0 (the minimum) and 1 (the maximum).
Let P be a ranked poset. Consider the shortest path metric of the Hasse diagram of P . In other words, for a, b ∈ P , d(a, b) is the minimum n such that there exists a sequence a = x 0 , x 1 , . . . , x n = b with the property that for each i either x i covers x i−1 or x i−1 covers x i . Then the interval poset between 0 and 1 is I P ( 0, 1) ≃ P as posets. Theorem 5.11 enables us to conclude the following.
Corollary 5.12.
(1) Let P be a ranked poset, ℓ = d( 0, 1) in P . Then there exists an embedding of abelian groups H n−2 (∆(P )) ֒→ H Σ,ℓ n ( P ) for n ≥ 1. (2) Let M be a compact C ∞ -manifold. Then there exist a finite metric space X and ℓ > 0 such that H Σ,ℓ n (X) contains a subgroup isomorphic to H n−2 (M, Z) for each n > 0. 
5.4.
Circle with geodesic metric. Let S 1 ⊂ R 2 be the circumference with radius r. Consider the metric defined by geodesics. For example, the distance between antipodal points is πr. It is easily seen that m S 1 = πr. Some of the magnitude homology groups of S 1 are computed as follows.
(1) If ℓ < πr and n > 0, then H Σ,ℓ n (S 1 ) = 0. 
